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T h e c o n t r o l a c t s a d d i t i v e l y on t h e s t a t e o f t h e s y s t e m . Our o b j e c t i v e i s t o m i n i m i z e a n i n t e g r a l c o s t w h i c h d e p e n d s u p o n t h e e v o l u t i o n o f t h e s t a t e a n d t h e t o t a l v a r i a t i o n o f t h e c o n t r o l p r o c e s s . It i s p r o v e d t h a t t h e o p t i m a l c o s t i s t h e u n i q u e s o l u t i o n o f a n a p p r o p r i a t e f r e e boundary problem
i n a space-time domain. By u s i n g some decomposition arguments, the problems of a t w o -s i d e d c o n t r o l , i . e . o p t i m a l c o r r e c t i o n s , a n d t h e c a s e w i t h c o n s t r a i n t s on t h e r e s o u r c e s , i . e . f i n i t e f u e l , c a n be reduced t o a simpler c a s e of only ones i d e d c o n t r o l , i . e . a m o n o t o n e f o l l o w e r . , b ( . ) , G ( . ) a r e g i v e n d e t e r m i n i s t i c f u n c t i o n s , ( w ( s ) , s 2 0) i s a s t a n d a r d W i e n e r p r o c e s s , x i s t h e i n i t i a l s t a t e a t t h e time t and (~( s ) , s 2 0) s t a n d s f o r t h e c o n t r o l w h i c h i s a p r o g r e s s i v e l y m e a s u r a b l e p r o c e s s w i t h l o c a l l y b o u n d e d v a r i a t i o n . The e x p e c t e d c o s t t a k e s t h e f o r m
T h e s e r e s u l t s a r e a p p l i e d t o s o l v i n g some examples by the so-called m e t h o d o f s i m i l a r i t y s o l u t i o n s . I n t r o d u c t i o n I n t h i s p a p e r , we w i s h t o c o n t r o l a l i n e a r s t o c ha s t i c d i f f e r e n t i a l e q u a t i o n i n t h e s e n s e o f I t o by u s i n g a d d i t i v e s t r a t e g i e s , i . e . t h e e v o l u t i o n of s t a t e i s s u b j e c t e d t o
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f o r t h e o p t i m a l c o s t ( 3 ) , w h e r e t h e o p e r a t o r s and I * 1 d e n o t e s t h e a b s o l u t e v a l u e o f a r e a l number. I t i s c l e a r t h a t ( 4 ) c a n b e r e g a r d e d e i t h e r a s a V a r i a t i o n a l I n e q u a l i t y o r as a Free Boundary Problem. I n c o n t r a s t w i t h t h e c l a s s i c a l a s p e c t o f t h e p r o b l e m ( 4 ) we m e n t i o n t h a t among o u r a s s u m p t i o n s i t i s allowed t o h a v e d e g e n e r a c y , i . e . a ( t ) = O , and t h a t we are i n t e r e s t e d i n t h e c h a r a c t e r i s t i c s o f a n o p t i m a l p o l i c y o f t h e c o n t r o l a s well as a p o s s i b l e c o m p u t a t i o n o f t h a t o p t i m a l s t r a t e g y . M o r e o v e r , we s e e k a s u i t a b l e decomposition of 
A l s o , we w i s h t o b e a b l e t o t r e a t t h e c a s e w i t h c o ns t r a i n t s o n t h e r e s o u r c e s , i . e . i n t h e m i n i m i z a t i o n ( 3 ) we add a c o n d i t i o n :
s t a n d s f o r t h e t o t a l r e s o u r c e s a v a i l a b l e .
(7) bounded by a c o n s t a n t K , where K On t h e o t h e r h a n d , we w i l l see t h a t t h e p r o b l e m ( 6 ) , commonly r e f e r r e d t o a s t h e "monotone follower", c a n b e o b t a i n e d a s a l i m i t -c a s e of a Q u a s i -V a r i a t i o n a l I n e q u a l i t y .
As t h e m a i n r e s u l t o f t h i s p a p e r , we should ment i o n t h e c h a r a c t e r i z a t i o n o f t h e o p t i m a l c o s t f u n c t i o n a s t h e u n i q u e s o l u t i o n of t h e p r o b l e m ( 4 ) and ( 6 ) i n a c e r t a i n s e n s e ; t h e p r o o f o f t h e e x i s t e n c e o f a n o p t i m a l c o n t r o l ; t h e c o n s t r u c t i o n of a n o p t i m a l c o n t r o l o f M a r k o v i a n t y p e ; t h e r e d u c t i o n t o p r o b l e m s of t h e form ( 6 ) and l a s t l y , some p r o p e r t i e s o f r e g u l a r i t y f o r t h e o p t i m a l c o s t , e . g . l o c a l l y L i p s c h i t z i a n d e r i v a t i v e o f
This problem i s m o t i v a t e d b y o u r i n t e r e s t i n s t u d y i n g t h e o p t i m a l c o n t r o l o f a d i s s i p a t i v e d y n a m ic a l s y s t e m u n d e r u n c e r t a i n t y . I n t h e s i m p l i e s t m o d e l , o n e c o n s i d e r s t h e a u t o m a t i v e c r u i s e c o n t r o l o f a n a i r c r a f t u n d e r a n u n c e r t a i n w i n d c o n d i t i o n . The e q u a t i o n (1) i s t h e e q u a t i o n o f m o t i o n , y ( s ) i s t h e s p e e d ; a ( s ) < 0 t h e c o e f f i c i e n t o f a i r r e s i s t e n c e ; b ( s ) t h e t h r u s t f o r c e ; t h e w h i t e -n o i s e t e r m t h e d ynamic f o r c e d u e t o t h e s h i f t i n g
wind condition, and t h e f o r m a l d e r i v a t i v e 5, r e p r e s e n t s t h e c o n t r o l i n the form of a c o r r e c t i v e t h r u s t f o r c e . W e wish t o f i n d a n o p t i m a l c o n t r o l p o l i c y v o v e r t h e f l i g h t time T so t h a t , g i v e n a f i n i t e amount of f u e l f o r c o r r e c t i o n , t h e f l i g h t s p e e d w i l l d e v i a t e a s l i t t l e a s p o s s i b l e t o a d e s i r a b l e c r u i s i n g s p e e d a t a minimum f u e l c o s t . T h i s f a c t i s e x p r e s s e d by t h e e q u a t i o n s ( 2 ) and ( 3 ) . The system (1) -( 3 ) h a s a n o t h e r i n t e re s t i n g i n t e r p r e t a t i o n i n t h e c o n t e x t o f o p t i m a l h a r v e s t i n g o f r a n d o m l y f l u c t u a t i n g r e s o u r c e i n Ludwig [ 1 9 ] . I n t h i s c a s e , t h e e q u a t i o n (1) s t a n d s f o r a c o n t r o l l e d l i n e h r g r o w t h m o d e l f o r t h e s i z e y of a p o p u l a t i o n , s a y , i n a f i s h e r y , w h e r e a > 0 i s t h e b i r t h rate; t h e t e r m s b and (o,G) are, r e s p e c t i v el y , t h e mean and f l u c t u a t i n g r a t e s o f m i g r a t i o n , a n d \j d e n o t e s t h e h a r v e s t i n g r a t e . F o r i n s t a n c e , i n a f i n i t e h o r i z o n , we would l i k e t o d e t e r m i n e t h e h a rv e s t i n g rate i n o r d e r t o m a i n t a i n t h e p o p u l a t i o n s i z e a s c l o s e a s p o s s i b l e t o a n e q u i l i b r i u m s i z e a t a minimum c o s t . be a s t a n d a r d W i e n e r p r o c e s s i n R a n d ( T L , t 2 0) be a f i l t
Let us remark t h a t , when the rate f u n c t i o n a'O, s i m i l a r k i n d s o f p r o b l e m s h a v e b e e n c o n s i d e r e d by s e v e r a l a u t h o r s , i n p a r t i c u l a r B a t h e

The methods t o b e u s e d t h r o u g h o u t t h i s a r t i c l e are s u g g e s t e d by t h e t e c h n i q u e s p r e s e n t e d i n t h e books of Bensoussan and Lions
r a t i o n s a t i s f y i n g t h e u s u a l c o n d i t i o n s w i t h r e s p e c t t o ( w ( t ) , t r O )
, i . e . , (7 , t r O ) i s a n i n c r e a s i n g r i g h t c o n t i n u o u s f a m i l y o f c o m p l e t e d u -s u b a l g e b r a s o f 7 and (w(t) , t Z 0) i s a m a r t i n g a l e w i t h r e s p e c t t o ( a t , t 2 0) . 
To e a c h c o n t r o l w i n 'V , we a s s o c i a t e a c o s t g i v e n by t h e p a y o f f f u n c t i o n a l
, where f,cy,c and T are r e s p e c t i v e l y , t h e r u n n i n g c o s t , t h e d i s c o u n t f a c t o r , t h e i n s t a n t a n e o u s c o s t p e r u n i t o f f u e l a n d t h e f i n i t e h o r i z o n . 
Our purpose i s t o c
w h e r e t h e p o s i t i v e c o n s t a n t z s t a n d s f o r t h e t o t a l a m o u n t o f f u e l a v a i l a b l e .
L e t us summarize the t e c h n i c a l a s s u m p t i o n s as f o l l o w s :
(1.7)
T i s a p o s i t i v e c o n s t a n t 
f ( x , t ) i s a n o n n e g a t i v e c o n t i n u o u s f u n c t i o n from x [O,T] i n t o R s u c h t h a t t h e r e exist c o n s t a n t s mz1, O S c s C s a t i s f y i n g
c l x + l m -C s f ( x , t ) S C ( l + ( X l r n ) ,
f o r e v e r y x , x ' , t , t '
, where (.)+ d e n o t e s t h e p o s i t i v e p a r t o f a real
number, i . e . , x = x i f x 2 0 and x+
t e t h a t u ( t ) c o u l d v a n i s h , e v e n e v e r y -
where, then the problem could be degenerate and even
e r m i n i s t i c . On t h e o t h e r h a n d , s i n c e t h e h o r i z o n T i s f i n i t e , w i t h o u t l o s s o f g e n e r a l i t y , t h e f u n c t i o n a ( t ) may be assumed t o s a t i s f y f o r e v e r y t
(1.10) a ( t ) 2 z 0 , po i s p o s i t i v e l a r g e e n o u g h . t r o ,
Let us i n t r o d u c e a p e n a l i z e d p r o b l e m a s s o c i a t e d w i t h ( 1 . 4 ) a s f o l l o w s :
E > 0 ,( 1 . 1 2 ) Q E ( x , t ) = i n f { J x t ( v ) : \J i n 'Po} .
The Dynamic Programing Approach C o n s i d e r t h e d i f f e r e n t i a l o p e r a t o r s
. 2 ( 2 . 1 ) Au = -"---3 t 2 I 2(t)y-( a ( t ) x + b ( t ) ) g + o ( t ) u ?X and 
2X c ( t ) .
A h e u r i s t i c a p p l i c a t i o n o f t h e d y n a m i c p r o g r a m i n g t o t h e p e n a l i z e d p r
( 2 . 6 ) f o r e v e r y t' T t 2 0 , x i n E and y ( s ) given by ( 1 . 2 ) w i t h v = 0 ,
i . e . , the dynamic programming i n t h e weak s e n s e , t h e n we have Denote by V , t h e f u n c t i o n s p a c e ,
f o r a l m o s t e v e r y ( x , t ) and some c o n s t a n t C,
and by Lzoc t h e w h i c h a r e l o c a l l y C o n s i d e r t h e e q u a t i o n :
Find h' 
Theorem 2.
Assume t h e h y p o t h e s e s (1.7),...,(1.10) h o l d .
Then t h e e q u a t i o n ( 2 . 9 ) has one and only one solution, which i s g i v e n e x p l i c i t l y a s t h e o p t i m a l c o s t ( 1 . 1 2 ) . M o r e o v e r , t h e i n e q u a l i t y ( 2 . 6 ) .
(2.14)
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